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Flows in the j e t  boundary l a y e r  of an i ncompres s ib l e  liquid are  studied using a numer i ca l  f in i te -  
d i f fe rence  method which is developed.  

Je t  f lows,  which are  widely  used in va r ious  technological  dev ices ,  have an e s s e n t i a l l y  n o n - s e l f - s i m i l a r  
nature  as a rule.  This is connected with the fact  that the extent  of the region of flow is comparab l e  in many 

c a s e s  with the c h a r a c t e r i s t i c  s ize  of the exi t  c r o s s  sec t ion  of the nozzle dev ice ,  and the flow is not able to 
reach  a s e l f - s i m i l a r  s t a t e .  The n o n - s e l f - s i m i l a r i t y ,  the s t rong  dependence of the ftow on the d i scha rge  condi -  
t ions ,  h inders  the use of the well-known in tegra l  methods of ca lcu la t ion  [1], and the re fo re  numer i ca l  f i n i t e -d i f -  
f e rence  methods a r e  p r e sen t l y  used for  the solut ion of such p rob l ems .  On the o ther  hand, an undeniable advan-  
tage of f in i t e -d i f f e rence  methods over  in tegra l  methods is the fact  that the f o r m e r  allow one to avoid the a s -  
sumpt ions  and s impl i fy ing  hypotheses  inherent  to in tegra l  methods and to use more  complex  s y s t e m s  of mode l -  
ing equat ions .  

Let  us c o n s i d e r  the problem of the j e t  flow of a v iscous  i n c o m p r e s s i b l e  l iquid.  In the b o u n d a r y - l a y e r  
approx imat ion  the s y s t e m  of equations of mot ion has the form 

au au 1 O 
U - -  - -  V ~ ~ e  - 1  

ax ag t~ ~ ay 

Ou 1 a 

ax g~ ag 

yk au 1 O ykr; 
ay y~ ay 

y% =0;  
(1) 

k = 1 for axisymmetric flow and k = 0 for plane flow. For closure of the system of equations of motion (I) we 

use the Kolmogorov-Prandtl model of turbulence [2, 3], in accordance with which the turbulent viscosity e, de- 
te rmined as 

art 
E ~ - - T I - - -  , 

ag 

f rom cons ide ra t ions  of d imens iona l i t y  is  e x p r e s s e d  in the form 

e = c~qA. (2) 

To determine-02 we use the equation of conse rva t ion  of the kinet ic  ene rgy  of turbulent  pulsa t ions  [4] 

u O~ O~ ~ 1 O & 
O ~  - - v  Og -- g~ Oy - ykv' (q2 '=  p ' / p ) - ~  O ~ -  - -D '  

in which the d i s s i p a t i o n  of turbulent  ene rgy  is de t e rmined  from the Kolmogorov equation [2] 

D = % q*/A, 

while the t e rm  v,(q 2' + p/p) ,  d e t e r m i n i n g  the t r a n s v e r s e  t r a n s p o r t  of pulsa t ion  ene rgy  by the pulsa t ing  motion,  
is r e p r e s e n t e d  in the diffusion fo rm [3]: 

v' (q2"+ p ' / p i =  - -  8 Oq 2 
cq ay 
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We take the s ca l e  of tu rbu lence  A as p ropor t i ona l  to the t r a n s v e r s e  in tegra l  sca le  of tu rbu lence ,  which on the 
bas i s  of an ana lys i s  of the r e su l t s  of m e a s u r e m e n t s  [5-8] can be c o n s i d e r e d  as cons tan t  in a c r o s s  sec t ion  of a 
j e t  and l i n e a r l y  dependent  on the longi tudinal  c oo rd ina t e .  Then 

A = c~tx. (3) 

Thus ,  we have a c losed  s y s t e m  of Eqs 
p r e s s i b l e  v i s c o u s  l iquid: 

Ou U - - 2 C U  
Ox 

�9 (2)-(4) d e s c r i b i n g  the flow in the je t  boundary  l a y e r  of an i n c o m -  

Ou 1 0 Ou 
- y~ (8 + Re -~) ; 
Oy yk Oy Oy 

Ou 1 0 
- -  + - -  V~v =0; 
Ox y~ Oy 

o e 042 i , o ( o .  i' 
U ~ ~ -- Ca yk Oy 9% ~ y -  + e  k Oy I CDq3/A" 

(4) 

We take c e, c D, CA, and Cq as cons tan t  in the en t i r e  field of flow. 

F o r  the n u m e r i c a l  so lu t ion  of  the s y s t e m  obtained it is n e c e s s a r y  to app rox ima te  it by d i f f e rence  equa-  
t ions at  the nodes  of  a f i n i t e -d i f f e r ence  g r id .  In the g iven case  the use of the m o s t  c o m m o n  r e c t a n g u l a r  g r id  in 
the (x, y) plane p roves  to be ineffec t ive ,  s ince  the th ickness  of  the je t  i n c r e a s e s  s t rong ly  in the d i r e c t i o n  of  
flow, which leads  to a cont inuous i n c r e a s e  in the n u m b e r  of  g r id  nodes ana lyzed .  The t r a n s f o r m a t i o n  

v 
~ -  x + x *  

of the t r a n s v e r s e  coord ina te  allows one to d e c r e a s e  the g rowth  of  the boundary  l a y e r  of the je t  o r  to e l imina te  
it en t i r e ly .  H e r e  the quant i t ies  x* and ~ a re  d e t e r m i n e d  at the s t a r t  of the ca lcu la t ion  on the bas is  of p r e l i m i -  
n a r y  e s t i m a t e s  of  the deve lopmen t  of the je t  boundary  l a y e r .  At the s a m e  t ime ,  they can be c o r r e c t e d  in the 
p r o c e s s  of ca l cu l a t i on  on the bas is  of the i n fo rma t ion  obtained.  

Apply ing  the t r a n s f o r m a t i o n  d e s c r i b e d  to s y s t e m  (4), we obtain in the (x, 7/) plane 

0 Ou ~1 k (e + Re -1) - -  
O~l 0~1 

0 ~lkv =0;  (5) 
OTI 

Ou 1 Ou ~s 1 
u Ox + ( ~ v - - u n ) -  x,)~ nk x + x* O~l (x + 

Ou ',1 a u  ~ 1 
�9 Ox x + x *  O~l + x ; x  ~ - - T  n k 

6 2 1 ( ~ o -  un) o~  ~2 1 1 0 
u ~ +  x + x  ~ O ~ - - -  ( x + x * )  2 cq n k On n% 

The s y s t e m  of Eqs .  (5) m u s t  be supp lemen ted  with the boundary  condi t ions  

Ou _ 0~2 = v = 0  at n = 0 ;  
On 0~1 

u.~U1, ~ - = Q  at n = n  M. 

v (0. ? 
0 ~ - +  (X + X*) ~ e k Oq ] --cDq3/A" 

The p roposed  n u m e r i c a l  a l g o r i t h m  f o r  the so lu t ion  is based  on the idea of sca l ing .  The p r e l i m i n a r y  
va lues  of the unknown funct ions a r e  in i t ia l ly  found at the h a l f - s t e p  of  the d i f f e rence  g r id  using the va lues  of  the 
funct ions  f r o m  the p r e c e d i n g  l a y e r  as the coe f f i c i en t s  of the d i f f e rence  equat ions .  The p r e l i m i n a r y  values  
found a r e  then used for  the whole  s t ep .  This a l lows one to avoid i t e ra t ions  due to the non l inear i ty  of the init ial  

d i f f e ren t i a l  equa t ions ,  re ta in ing  a second  o r d e r  of a p p r o x i m a t i o n .  

L e t  us d e s c r i b e  the a lgo r i t hm f o r  the so lu t ion  in m o r e  deta i l .  The d i f fe ren t ia l  equat ions  a r e  r e p r e s e n t e d  
in f i n i t e -d i f f e r ence  f o r m  using an impl ic i t ,  t w o - l a y e r ,  s i x - p o i n t  s y s t e m  on the g r id  

x~=nAx; 11 re=mAn;  n = 0 ,  1 . . . .  ; m = 0 ,  1 . . . . .  M. 

In this c a s e  the c e n t r a l  d i f f e r ences  a r e  used f o r  the f i r s t  d e r i v a t i v e s  and the usual  t h r e e - p o i n t  equat ion is used 
f o r  the second de r i va t i ve s � 9  Suppose the values  of aI1 the unknown funct ions  a re  known a t  the l a y e r  x = x n. We 

d e t e r m i n e  u n +1/2 and -2 qn+t /~  using the s y s t e m s  of d i f f e r ence  equat ions  
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F ig .  1 F ig .  2 

F ig .  1. Deve lopmen t  of the long i tud ina l  ve loc i ty  prof i le  in a round 
l a m i n a r  j e t  which in i t i a l ly  has a pa rabo l i c  ve loc i ty  prof i le :  1-5) ex -  

perimental data [131. if)x= 8; 2) 16; 3) 24; 4) 32; 5) 40]; 6) caleula- 
tiotx. 

F ig .  2. Mixing reg ion  of a plane t u r bu l e n t  j e t .  Deve lopmen t  of l ong i -  
tudina l  ve loc i ty  prof i le :  1-4) e x p e r i m e n t a l  data  [14]. [1) x = 10; 2) 15; 
3) 20; 4) 30]; 5) c a l c u l a t i o n .  

A 1 u •  , u , + C  I u l - ~ D  , 
n~"  ~ , m n'~-, 4 ' , n - -  1 n ~-. ~ : t  " m n - -  ~ ,  m n -  t-, , ~ - ,  m n--.. ~2-2 ' m +  1 n ~-. -%-- ,  m 

E , q2 I 
n§ n+ ~-,~--1 

w h e r e  

+ F  ~2 ~2 = H  m =  1 2, M - - l ,  q .  I + G  1 1 , ~ + I  , I . . . . . .  
n'--. ----,2. " n ~ ,  ~ x  " m  n = - - - 7 _  ~ m  n +  ~7-_ ,  n ~ - ~  , m  

A 1 : - - a - - b ;  B , = b + c + d ;  C ~ = a - - c ;  
n+ --5-_' m n -5-2 " '" n+ " T  ' rn 

D , = d u ; , . ~ - - a ( u  ..... + l - - u  . . . . .  1 ) + c ( u  . . . .  + a - - u . , m ) - - b ( u  . . . .  - - u  . . . .  1); 
n +  .5 - .  ' m 

E ~ = - - a - - b ~ % ;  F ~ = ( b + c ) / %  + d ;  
n+ ~-2 ' m , ' -  - ~ - ,  ,n 

- -  a (q , . ,~+i  - -  q , ; . ~ - O  
�9 , l i  ~ -  ~ ,  t n  

- - 2  - - ~  - - 2  - - 2  
+ [c (q,~,,,,+, - -  q,;,~,, ) - -  b (q  ...... ~ q . . . . . . .  I )]/Cq + [ e v ,  ~ ( u v , ~ +  1 - -  u p , , ~ _ l )  2 - -  c D ( q p , ~ ) *  A~/Ap; 

a = 0.25 (~%,m - -  up,,~l,~).'(xz + x*); 

b = (2• Re -1 + ~v,~ + ev,,~-l) (q I /q-~)~ f; 

c = (2• Re -x + % , , ~  + e v . . . .  1) (111 : /~lm) ~ f; 
m+ ~ 5 -  

1 
d = u , ~ , , ~ A r g t ;  f = 0.25 [~l(x~ • x*)12:'Ar~; t --- - -  hx; p = n; 

2 
1 

l = n +  - - ;  
4 

x = 1 fo r  the equa t ion  of mo t ion  and x = 0 fo r  the equa t ion  of ba lance  of t u r b u l e n t  k ine t ie  e n e r g y .  

The s y s t e m s  (6a) and (6b) toge the r  with the bounda ry  condi t ions  

u 1 = u  ' - -  o ;  ~-~ , = @  , ," u l - - U I :  n + ~ - .  1 n +  2 ' r '-2- T '  1 n +  T ' 0  n + - 7 ,  M 

(6a )  

(6b) 
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nq2+ 1 ~--- Q (7) 
T '  M 

a r e  s o l v e d  by the t r i a l - r u n  m e t h o d .  

As  was  shown in [10], in the  c a s e  of  the c a l c u l a t i o n  of  f looded  j e t  f lows (U s = 0) the n e c e s s a r y  cond i t ion  
of good c o n d i t i o n a l i t y  [9] is  no t  s a t i s f i e d  fo r  the  b o u n d a r y  d i f f e r e n c e  p r o b l e m  (6a), (6b), (7), which  c a n  l ead  to 
c o m p u t a t i o n a l  i n s t a b i l i t y  of the t r i a l - r u n  m e t h o d .  In such  a c a s e  one can  u s e ,  f o r  e x a m p l e ,  a v a r i a n t  of  the 
t r i a l - r u n  m e t h o d  - the nonmono ton ic  t r i a l - r u n  me thod  [11]. F o l l o w i n g  this  m e t h o d  one d e t e r m i n e s  the t r a n s -  
v e r s e  v e l o c i t y  f r o m  the d i f f e r e n c e  a n a l o g  of the c o n t i n u i t y  equa t ion  

k 
~] I 

~] l = 1 @ n+ -T-" m + _-5--' ,n ~]m+~ 

• [-- (xz + x*) (u + u -- u.,m -- u.,..+l) A~ 
n+ 1 n +  1 -~-, m - ~ ,  ,n+l 2t 

1 
"31- ~ lira. ~ _~_ (~,+ ~-,1 m+l -~- ['ln'rn+l--lln+ -~,1 m --/ '~n,m)]; U 1 n+ ~-,  0 = 0 ;  (8) 

the  s c a l e  of  t u r b u l e n c e  A n +1/2 and the t u r b u l e n t  v i s c o s i t y  en+t/2 a r e  d e t e r m i n e d  us ing  the c o r r e s p o n d i n g  e q u a -  
t icms.  The nex t  s t e p  wi l l  be the c a l c u l a t i o n  of u n + t andq2n +t  in a c c o r d a n c e  wi th  the s y s t e m s  of d i f f e r e n c e  e q u a -  

t ions  

An+l,m Un +l,m-1 "~- Bn+l,ra Un+l,m "2i" Cn+t,m Ua+l,m+l = Dn+ 1,m; 

En+l ,m ~ + 1  ... . .  1 -~- Fn-t-l,mqn_l,m @ Gn+l,,,z ~ + l , m §  ~- H,,+t,m ; 
m = 1, 2 . . . . .  M -  1, 

w h e r e  the c o e f f i c i e n t s  A n + L m '  Bn + l , m  . . . . .  H n +  1,m a r e  ana logous  to the c o r r e s p o n d i n g  c o e f f i c i e n t s  A n +  t/2, m,  
B a + l / z , m  . . . . .  Hn+ t /2 ,m ,  in which  t = &x,  whi l e  the  i n d i c e s  p and l a r e  r e p l a c e d  by  n + 1. Then having  d e t e r -  
m i n e d  the t r a n s v e r s e  v e l o c i t y  Vn+ 1 f r o m  Eq.  (8), r e p l a c i n g  the index  n + i/2 by n + 1 and s e t t i n g  t = A x  and l = 
n + t/2 in  i t ,  the  s c a l e  A n +  t, and the v i s c o s i t y  e n + l  one can  end the c y c t e .  

The v a l u e s  of the unknown func t i ons  a t  the " z e r o t h "  l a y e r  x 0 a r e  g iven  by the i n i t i a l  c o n d i t i o n s ,  w h e r e  the 
t r a n s v e r s e  v e l o c i t y  can  e i t h e r  be t a k e n  e q u a l  to 0 o r  found by the m e a n s  used  in the n u m e r i c a l  c o n t i n u a t i o n  

m e t h o d  [12]. 

The m e t h o d  p r e s e n t e d  was  r e a l i z e d  on an  M-222  c o m p u t e r ,  wi th  the c a l c u l a t i o n  t ime  fo r  one a x i a l  c r o s s  
s e c t i o n  u s i n g  50 node po in t s  a c r o s s  the  j e t  b e i n g  on the o r d e r  of 0.5 s e c .  The a c c u r a c y  of the me thod  and the 
a p p l i c a b i l i t y  of the t u r b u l e n c e  m o d e l  used  w e r e  e s t i m a t e d  th rough  a c o m p a r i s o n  of the r e s u l t s  ob ta ined  with 
a n a l o g o u s  n u m e r i c a l  and a n a l y t i c a l  s o l u t i o n s ,  a s  w e l l  a s  with c e r t a i n  e x p e r i m e n t a l  d a t a .  

The c a l c u l a t e d  d e v e l o p m e n t  of the a x i a l  v e l o c i t y  p r o f i l e  in a f looded round l a m i n a r  j e t  which  i n i t i a l l y  has  
a p a r a b o l i c  v e l o c i t y  p r o f i l e  i s  p r e s e n t e d  in F i g .  1. The r e s u l t s  of the c a l c u l a t i o n  a g r e e  we l l  with the e x p e r i -  
m e n t a l  d a t a  of [13], wi th  the  v e l o c i t y  p ro f i l e  p r a c t i c a l l y  c o i n c i d i n g  with  the c l a s s i c a l  Sch l i ch t ing  so lu t i on  [12] 
a t  a c o n s i d e r a b l e  d i s t a n c e  f r o m  the n o z z l e  cu t .  H e r e  i t  shou ld  be noted  tha t  in the c a s e  of l a m i n a r  f lows the 
e q u a t i o n s  of  m o t i o n  a r e  e x a c t  (with a l l o w a n c e  f o r  the f ac t  t ha t  the c o n c e p t  of the b o u n d a r y  l a y e r  i s  on ly  an a p -  
p r o x i m a t i o n  of  the t r ue  p h y s i c a l  p h e n o m e n o n ,  of c o u r s e )  and a r e  c l o s e d  wi thou t  the i n c l u s i o n  of s e m i e m p i r i c a l  
e q u a t i o n s ,  and t h e r e f o r e  c a l c u l a t i o n s  of such  f lows g ive  a good e s t i m a t e  of the a p p l i c a b i l i t y  and a c c u r a c y  of 

the  n u m e r i c a l  m e t h o d  i t s e l f .  

F i g u r e  2 i l l u s t r a t e s  the c a l c u l a t i o n  of a t u r b u l e n t  j e t  in the m i x i n g  r e g i o n .  The c o n s t a n t s  e n t e r i n g  into 
E q s .  (2), (3), and (4) had  the fo l lowing  v a l u e s :  c e = 1; c D = 0.09; CA = 0.014; and Cq = 1. The e x p e r i m e n t a l  da t a  

a r e  t a k e n  f r o m  [14]. 

The n u m e r i c a l  m e t h o d  p r e s e n t e d  f o r  the m o d e l i n g  of m i x i n g  in  j e t s  of i n c o m p r e s s i b l e  v i s c o u s  l iquid  c a n  
be g e n e r a l i z e d  wi thou t  d i f f i c u l t y  to f lows wi th  r o t a t i o n ,  c o m p r e s s i b l e  f l ows ,  and to p r o b l e m s  with hea t  and m a s s  

t r a n s  fe r .  

x , y  

U,V 

N O T A T I O N  

a r e  the  l o n g i t u d i n a l  and  t r a n s v e r s e  c o o r d i n a t e s ,  r e s p e c t i v e l y ,  n o r m a l i z e d  to h a l f - w i d t h  

( r ad ius )  of  n o z z l e ;  
a r e  t he  a v e r a g e  l o n g i t u d i n a l  a n d  t r a n s v e r s e  v e l o c i t i e s  n o r m a l i z e d  to c h a r a c t e r i s t i c  v e -  

l o c i t y  U 0 a t  j e t  o r i f i c e ;  
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7, q2 

q = ~ ;  O 
P 
A, Ut, Q 

2 
Uo, Uo, c~, c D, eq, 
CA, x*, 

Ax, A" 0 

r/M 

are the turbulent shear stress and kinetic energy of turbulent pulsations norma!.ized to 
u~; 
is the densi ty;  
is the p r e s s u r e  no rma l i zed  to pU~; 
a r e  the l inear  scaIe  of turbulence,  veloci ty  of outer  flow, and pulsation ene rgy  of ou te r  
flow normal ized  to half-width (radius) of nozzle;  

a re  the p a r a m e t e r s  of turbulence model;  
a re  the p a r a m e t e r s  of coordinate  t r ans fo rmat ion ;  
a re  the grid s teps ;  
is the value of coordinate  ~ co r respond ing  to boundary of jet .  

I n d i c e s  

' is the pulsat ion component;  
- is the averaged  component .  
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